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Abstract
The resolution of the stochastic generalized Boussinesq equation driven by a white noise is undertaken. Explicit solutions are
found thanks to a white noise functional approach and the F-expansion method. Among these solutions, periodic and solitonic ones
are pointed out.
© 2007 Elsevier B.V. All rights reserved.
MSC: 60H15; 60H30; 60H40
Keywords: Stochastic partial differential equations; Wick-type stochastic equations; White noise; Hermite transform; F-expansion method
1. Introduction
Recently nonlinear stochastic partial differential equation (SPDE) have been the subject of intense studies [1,4–6,12].
An important class of determinist PDE are the ones which are integrable by the inverse scattering transform leading to
soliton solutions [9]. Solitons and solitonic solutions have been found in many applications and one believes that they
will be involved in new applications in the future. In this context, it seems natural to undertake SPDE study.
A ﬁrst point of view consists in considering the adding of stochastic elements in the deterministic equation and study
statistical properties, see [13] for instance, or build a perturbation theory [7]. A second point of view consists in using
a recent white noise functional approach to SPDE in Wick version given in [6]. This approach has already been used
successfully to study some equations such as the stochastic Burger equation [15], the stochastic Korteweg de Vries
equation [3,11,18], the stochastic Kadomtsev–Petviashvili equation [16] and so on.
Here, using the white noise functional approach method, we plan to study the stochastic Boussinesq equation whose
determinist version is well-known to be an integrable equation [8]. Thanks to the well-known F-expansion method
[10,14,19], we ﬁnd explicitly the solutions.
The generalized Boussinesq equation with variable coefﬁcients is [2,17]{
ut + ε(t)vx + (t)uux + (t)uxxt = 0,
vt + (t)(uv)x + (t)uxxx = 0,
(1)
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where u = u(t, x) and v = v(t, x) are two functions depending on x and t, , , ,  and ε are functions depending on
t. Its stochastic version in the Wick sense can be written in the following way{
Ut + E(t)♦Vx + G(t)♦U♦Ux + A(t)♦Uxxt = 0,
Vt + D(t)♦(U♦V )x + B(t)♦Uxxx = 0,
(2)
where ♦ stands for the Wick product.
2. Basics on Wick stochastic analysis and resolution of SPDE driven by white noise
An orthonormal basis for L2(R) is given by the Hermite functions set {n}n1 with
n(x) = 1√
(n − 1)! e
−x2/2hn(
√
2x),
where hn is the n-order Hermite polynomial.
Denoting  = (1, . . . , d) a d-dimensional multi-indice with 1, . . . , d d integers, the family of tensor products
{}∈Nd with
 = 1 ⊗ · · · ⊗ d ,  ∈ Nd
forms an orthonormal basis for L2(Rd).
Let now (i) = ((i)1 , . . . , (i)d ) being the ith multi-index number in some ﬁxed ordering of all d-dimensional multi-
indices = (1, . . . , d) ∈ Nd assuming the following ordering property:
i < j ⇒ (i)1 + · · · + (i)d  (j)1 + · · · + (j)d .
Let us deﬁne now
i = (i) = (i)1 ⊗ · · · ⊗ (i)d , i1.
Considering arbitrary length multi-indices being elements of the space (NN0 )c of all sequences  = (1, 2, . . .) with
elements i ∈ N0 and with compact support, let us deﬁne
H(	) =
∞∏
i=1
hi (〈	, i〉), 	 ∈ (S(Rd))∗,  ∈ (NN0 )c
Fixing n ∈ N, let the space (S)n1 consist of
x(	) =
∑

cH(	) ∈
n⊕
k=1
L2(
)
with c ∈ Rn such that
‖x‖21,k =
∑

c2(!)2(2N)k <∞, ∀k ∈ N,
where 
 is the white noise measure on (S∗(R), B(S∗(R))) and where
c2 = |c|2 =
n∑
k=1
(c
(k)
 )
2, ! =
∞∏
k=1
k!, (2N) =
∏
j
(2j)j ,  ∈ (NN0 )c.
The space (S)n−1 consists of all formal expansions X(	) =
∑

bH(	) with b ∈ Rn such that
‖X‖−1,−q =
∑

b2(2N)
−q <∞
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for some q ∈ N. The family of seminorms ‖x‖1,k , k ∈ N, gives rise to a topology on (S)n1 and (S)n−1 can be considered
as the dual of (S)n1 by the action
〈X, x〉 =
∑

(b, c)!,
where (b, c) is the usual inner product in Rn.
Let X =∑

aH and Y =∑

bH two elements of the space (S)n−1 with a, b ∈ Rn, then
X♦Y =
∑
,
(a, b)H+
is the Wick product of X andY. Let us note that the spaces S(Rd), (S(Rd))∗, S1 and S−1 are closed under Wick products.
Now, considering X =∑

aH ∈ (S)n−1, its Hermite transform is deﬁned by
X˜(z) =
∑

az
 ∈ Cn
(when convergent) where z = (z1, z2, . . .) ∈ CN and z = z11 z22 . . . znn . . . for = (1, . . . , n, . . .) ∈ (NN0 )c.
Then, the following property holds
˜X♦Y (z) = X˜(z) · Y˜ (Z).
For all z such that X˜(z) and Y˜ (z) exist. The product on the right-hand side of the preceding expression is the complex
bilinear product between two elements of CN .
Solving a SPDE driven by white noise consists ﬁrst in interpreting all products as Wick products and all functions as
their Wick versions. Second, taking the Hermite transform of the equation allows to turn Wick products into ordinary
ones in the transformed equation. After ﬁnding a solution of this last equation, one has to take the inverse Hermite
transform, which holds under certain conditions, in order to obtain a solution of the Wick equation.
The reader interested in details can ﬁnd a complete presentation in [6].
3. Application of the white noise functional approach to the stochastic generalized Boussinesq equation
Thus, using Hermite transform, Eqs. (2) become{
U˜t + E˜V˜x + G˜U˜U˜x + A˜ U˜xxt = 0,
V˜t + D˜(U˜ V˜ )x + B˜U˜xxx = 0,
(3)
where U˜ and V˜ depend on t, x and z, A˜, B˜, G˜, D˜ and E˜ on t and z. Now let us use the F-expansion method and look for
solutions as{
U˜ (t, x, z) = F((t, x, z)),
V˜ (t, x, z) = G((t, x, z)), (4)
where  is deﬁned by
(t, x, z) = ax + b(z, t) + c. (5)
The function b and the constant a have to be determined, c is also a constant. Substituting Eqs. Eqs. (4) and (5) into (3)
leads to{
btF
′ + E˜aG′ + G˜aFF ′ + A˜bta2F ′′′ = 0,
btG
′ + D˜a(F ′G + FG′) + B˜a3F ′′′ = 0. (6)
Then, balancing the linear term of highest order with the nonlinear term in these last equations leads to set:{
F() = a0 + a1() + a22(),
G() = b0 + b1() + b22(),
(7)
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where ai = ai(t, z) and bi = bi(t, z), i = 1, . . . , 3 are functions to be determined later. Also, suppose that the function
 satisﬁes the elliptic equation, e.g.,
′()2 = q0 + q12() + q24(), (8)
where q0, q1 and q2 are some constants.
Then, substitutingEqs. (7) and (8) into (6) and setting to zero the coefﬁcients of′i , i=0, . . . , 3 andj , j=0, . . . , 2,
the following system of equations arises
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
bta1 + E˜ab1 + G˜aa0a1 + A˜a2a1q1 = 0,
2bta2 + 2E˜ab2 + 2G˜aa0a2 + G˜aa21 + 8A˜a2a2q1 = 0,
3G˜aa1a2 + 6A˜a2a1q2 = 0,
2G˜aa22 + 24A˜a2a2q2 = 0,
a0t + 2a2a2t = 0,
a1t = a2t = 0,
btb1 + D˜ab0a1 + D˜aa0b1 + B˜a3a1q1 = 0,
2btb2 + 2D˜a(b0a2 + b2a0) + 2D˜ab1a1 + 8B˜a3a2q1 = 0,
3D˜aa1b2 + 3D˜aa2b1 + 6B˜a3a1q2 = 0,
4D˜aa2b2 + 24B˜a3a2q2 = 0,
b0t = b1t = b2t = 0,
(9)
where the unknown are a, b, ai and bi with i = 1, . . . , 3.
One formal solution of this nonlinear algebraic system is
a0 free constant, a1 = 0, a2 = −12 A˜
G˜
aq2,
b0 = B˜G˜
2A˜D˜2
[
aa0(G˜ − D˜) + 4a2q1
(
1 − 2 D˜
G˜
)
+ 1
2
B˜G˜
A˜D˜
E˜a2
]
,
b1 = 0, b2 = −6 B˜
D˜
a2q2, (10)
a free constant, bt = −12
B˜G˜
A˜D˜
E˜a2 − G˜aa0 − 4A˜a2q1.
In the following, let us take for instance
A˜ = k1B˜ = k2G˜, D˜ = 2G˜, E˜ = A˜
k1 and k2 ∈ R.
4. Explicit solutions of the stochastic generalized Boussinesq equation using elliptic functions
Let us choose q0 = 1 − m2, q1 = 2m2 − 1, q2 = −m2 with 0<m< 1. In this case:
((t, x, z)) = cn((t, x, z)). (11)
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So that the solutions of (3) are{
U˜ (t, x, z) = a0 + a2cn2((t, x, z)),
V˜ (t, x, z) = b0 + b2cn2((t, x, z)),
(12)
where
(t, x, z) = ax −
(
a2
4k1
+ aa0
k2
+ 4a2q1
)∫ t
0
A˜ du + c. (13)
There exist some stochastic processes U and V which are the inverse Hermite transform of U˜ and V˜ such that{
U(t, x) = a0 + a2cn♦2((t, x)),
V (t, x) = b0 + b2cn♦2((t, x)),
(14)
where
(t, x) = ax −
(
a2
4k1
+ aa0
k2
+ 4a2q1
)∫ t
0
A du + c. (15)
Now, let us choose A(t) = A0(t) + Wt where A0 is an integrable function on R+ and Wt the Gaussian white noise. It
comes
(t, x) = ax −
(
a2
4k1
+ aa0
k2
+ 4a2q1
)∫ t
0
A0(u) du −
(
a2
4k1
+ aa0
k2
+ 4a2q1
)
Bt + c, (16)
Bt being the Brownian motion.
But since exp♦(Bt ) = exp(Bt − t2/2), the solutions of (2) are⎧⎨
⎩
U(t, x) = a0 − 12k2aq2cn2(1(t, x)),
V (t, x) = a
2k2
32k21
− a0
8k1
− 3k2aq1
2k1
− 3k2
k1
a2q2cn2(1(t, x))
(17)
with
1(t, x) = ax −
(
a2
4k1
+ aa0
k2
+ 4a2q1
)∫ t
0
A0(u) du −
(
a2
4k1
+ aa0
k2
+ 4a2q1
)(
Bt − t
2
2
)
. (18)
The constant has been set to 0.
We can also set m → 0 which leads to cn → cos and thus to the solutions
⎧⎨
⎩
U(t, x) = a0 − 12k2aq2 cos2(1(t, x)),
V (t, x) = a
2k2
32k21
− a0
8k1
− 3k2aq1
2k1
− 3k2
k1
a2q2 cos2(1(t, x)).
(19)
Letting m → 1 leads to cn → sech and to solutions
⎧⎨
⎩
U(t, x) = a0 − 12k2aq2 sech2(1(t, x)),
V (t, x) = a
2k2
32k21
− aa0
8k1
− 3k2a
2q1
2k1
− 3k2
k1
a2q2 sech2(1(t, x)).
(20)
Let us stress the fact that other choices of q0, q1 and q2 lead to other Jacobi elliptic functions which can be used to ﬁnd
other explicit solutions, see Table 1.
In effect, substituting the Jacobi elliptic functions in (11) leads to new stochastic Jacobi elliptic solutions of (2).
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Table 1
Some Jacobi elliptic functions
q0 q1 q2 
1 −(1 + m2) m2 sn
1 − m2 2m2 − 1 −m2 cn
m2 − 1 2 − m2 −1 dn
m2 −(1 + m2) 1 ns
−m2 2m2 − 1 1 − m2 nc
−1 2 − m2 1 − m2 nd
1 2 − m2 1 − m2 sc
m is the Jacobi function module.
Fig. 1. A sample path of U when a = 1, k1 = 10, k2 = 1, a0 = 1, m = 0.999 and with A0(t) = exp(t/2)/2.
5. Solitary wave solutions of the stochastic Boussinesq equation
Let us choose
k1 = 10, k2 = 1, a = 1, a0 = 1 (21)
we get
2(t, x) = x −
(
41
40
+ 4q1
)(∫ t
0
A0(u) du + Bt − t
2
2
)
(22)
and {
U(t, x) = 1 − 12q2 sech2(2(t, x)),
V (t, x) = − 39
3200
− 3q1
20
− 3
10
q2 sech2(2(t, x)).
(23)
The parameter m = 0.999 has also been chosen.
Let us choose now A0(t) = exp(t/2)/2. In Fig. 1(a), a sample path U(	1) is plotted and its projection in the x − t
plane given in Fig. 1(b) shows the noise effects.
To illustrate the richness of the dynamics, we take now A0(t) = sinh(t/2)/2. Fig. 2 gives a corresponding sample
path U(	1) and its projection in the x − t plane.
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Fig. 2. A sample path of U when a = 1, k1 = 10, k2 = 1, a0 = 1, m = 0.999 and with A0(t) = sinh(t/2)/2.
6. Conclusion
Using the white noise functional approach and F-expansion method, new exact solutions, as far as we know, of the
stochastic generalized Boussinesq equation have been found. Periodic and solitonic ones have been pointed out.
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